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Analytical and numerical studies of Bose-Fermi mixtures in a one-dimensional
harmonic trap
A. S. Dehkharghani, F. F. Bellotti, and N. T. Zinner
Department of Physics and Astronomy, Aarhus University, DK-8000 Aarhus C, Denmark
In this paper we study a mixed system of bosons and fermions with up to six particles in total.
All particles are assumed to have the same mass. The two-body interactions are repulsive and
are assumed to have equal strength in both the Bose-Bose and the Fermi-Boson channels. The
particles are confined externally by a harmonic oscillator one-body potential. For the case of four
particles, two identical fermions and two identical bosons, we focus on the strongly interacting regime
and analyze the system using both an analytical approach and DMRG calculations using a discrete
version of the underlying continuum Hamiltonian. This provides us with insight into both the ground
state and the manifold of excited states that are almost degenerate for large interaction strength.
Our results show great variation in the density profiles for bosons and fermions in different states
for strongly interacting mixtures. By moving to slightly larger systems, we find that the ground
state of balanced mixtures of four to six particles tends to separate bosons and fermions for strong
(repulsive) interactions. On the other hand, in imbalanced Bose-Fermi mixtures we find pronounced
odd-even effects in systems of five particles. These few-body results suggest that question of phase
separation in one-dimensional confined mixtures are very sensitive to system composition, both for
the ground state and the excited states.
I. INTRODUCTION
One-dimensional quantum systems have been some of
the most widely used examples in the theoretical physics
literature [1–5], mostly due to their simplicity in contrast
to higher dimensions. Moreover, recent experimental re-
alizations with cold atoms in one dimension (1D) [6–17]
have made it possible to test new and old theories for
such systems. In recent years, experimental manipula-
tions have evolved so rapidly and in many new ways that
one can now build a Fermi sea one atom at a time in
low-dimensions [18–23] and therefore be able to study
and understand the transition between few- and many-
body systems [24, 25]. Other existing predictions such
as some from the Bethe ansatz [26–29] and that of the
Tonks-Girardeau gas [30, 31] have also been studied and
tested successfully [11, 13, 14, 32, 33]. Even mixing differ-
ent kinds of particles and species with tunable interaction
between the atoms is now feasible [22, 34] and therefore
opening up for developing and testing new kinds of the-
ories.
Despite being simpler than higher dimensions, 1D sys-
tems are sometimes more interesting and exotic [19].
This is mainly due to the 1D nature that prohibits any
exchange of particles without their wave function overlap-
ping with each other. At the same time, this allows one to
build a chain of atoms with one or several internal com-
ponents and start manipulating them by changing the
surroundings [19, 35] or tuning the interactions between
the particles through Feshbach Resonances [36, 37]. In
the long term, this can be used for transport of quantum
information [38] and such knowledge may be advanta-
geous in a variety of technological applications such as
nano-tubes and nano-wires[39].
At the theoretical level 1D systems have been inten-
sively studied both analytically and numerically in the
recent years [40–66]. Numerically, the DMRG method
has been one of the most successful methods. It was
firstly developed for discrete Hamiltonians [67–70] and
then pushed to the limit of continuous systems even for
strongly interacting particles [71, 72]. Analytically, new
and different kinds of methods have been developed and
are in use as well [73–76]. However, different kind of
methods for all regimes have both advantages and disad-
vantages, and they must be used with care [77].
Here we study both numerical DMRG methods and
analytical exact solutions of Bose-Fermi mixtures in a
one-dimensional harmonic trap in the limit of strong in-
teraction, and we compare how well the DMRG method
captures the physics of the system. In addition, we com-
pare our results with other recent studies of such systems
[71, 72, 78–82]. In particular, the study of Deuretzbacher
et al. [78] have recently considered a spin-chain model
approach to Bose-Fermi mixtures, which is similar to the
analytical approach to the strongly interacting limit that
we use below. Our analytical results are in agreement
with the work in [78].
The structure of the paper is as follows. In Section II
we present our systems and the methods. Boson-fermion
mixtures are discussed in Section III in connection with
fermionization of such systems in the strongly interacting
limit. Concluding remarks are given in Section IV.
II. SYSTEM AND METHODS
Our system consists of a mixture of bosons and
fermions with total number of particles N = Nb + Nf ,
where Nb denotes the number of identical bosons and
Nf is the number of identical fermions. All the parti-
cles have the same mass m and are confined with the
same trap frequency ω in a one-dimensional harmonic
trap, V (x) = mω2x2/2. The two-body interaction is
short-range and we model it by the zero-range model as
2a Dirac δ-function. Furthermore, we assume that the
interactions are purely repulsive throughout this paper.
The full Hamiltonian can therefore be written as
Hc =
N∑
i=1
(
−
h¯2
2m
∂2
∂x2i
+ V (xi)
)
+
N∑
i<j
Uij(xi − xj), (1)
with the interaction matrix Uij(xi − xj) = gijδ(xi − xj)
and gij > 0. The interaction strength is assumed to be
the same gij = g if particle i and particle j are either from
different species or they are identical bosons with self-
interaction. However, due to the Pauli exclusion principle
we may set gij = 0 when i and j are fermions as identical
fermions will not feel any effect of a zero-range potential.
In order to study the system using DMRG in the usual
discrete form, we need to specify a lattice model for the
Hamiltonian above. Here we take discrete lattice Hamil-
tonian of the form
Hd = −t
∑N−1
j=1
(
b†jbj+1 + b
†
j+1bj
)
− t
∑N−1
j=1
(
f †j fj+1 + f
†
j+1fj
)
+ Ubf
∑N
j=1 nb,jnf,j
+ Ubb2
∑N
j=1 nb,j (nb,j − 1) + Vh
∑N
j=1(j − L/2)
2 (nb,j + nf,j) , (2)
where bj and fj are the bosonic and fermionic field oper-
ators, respectively, acting on a site j and with the corre-
sponding density operators nb,j = b
†
jbj and nf,j = f
†
j fj.
The tunneling constant, t, is the equivalent of the ki-
netic term in the continuous case, while Ubf and Ubb are
the on-site interactions. The strengths of the on-site in-
teractions are correspondingly assumed to be the same,
Ubf = Ubb = U , and the strength of the harmonic poten-
tial is called Vh. In the low-density limit where the num-
ber of particles is much less than the number of discrete
lattice sites, this model should reproduce the physics of
the continuous system.
In the limit of very strong interaction strengths an ex-
act analytical wave function has been derived [74, 75, 83]
for the continuous Hamiltonian in Eq. (1). This method
makes use of the fact that up to linear order in 1/g one
can obtain the exact slope of the eigenstates and use this
fact to derive an analytical solution for each eigenstate.
The method is applicable for any arbitrary confining ge-
ometries and in a particular case with a harmonic trap.
The case of four particles with two-component fermions
has been treated and derived in details recently [77]. The
main result here is that the wave function of the two-
component mixture system with N = Nb + Nf parti-
cles can be written as a non-trivial combination of the
antisymmetric product of the first N eigenstates to the
non-interacting part of Eq. (1)
ψ(x1, ..., xN ) =


a1ΨA for xb1 < ... < xbNb < xf1 < ... < xfNf (b...bf...f)
a2ΨA for xb1 < ... < xf1 < xbNb < ... < xfNf (b...fb...f)
...
... (3)
aMΨA for xfNf < ... < xf1 < xbNb < ... < xb1 (f...fb...b)
where M = N !/(Nb!Nf !) denotes the number of de-
generacy at 1/g → 0 and xn is the coordinate of the
nth particle. The coefficients, {a1, a2, . . . , aM} are then
found by considering the slope of the energy as one
approaches 1/g → 0.
To solve the lattice model we will use DMRG as stated
above. In recent years, many libraries that implement the
DMRG method [70, 84, 85] have been developed to solve
discretized lattice Hamiltonians. In this article we make
use of two independently developed open-source codes,
one from L. D. Carr and his group [70, 84] and the other
from the iTensor project [85]. We find consistency of the
results from both codes.
A mapping between the discrete and continuous Hamil-
tonian has also been investigated and described recently
[77]. One of the important mappings here is the connec-
tion between the interaction strength g and the on-site
interaction U , which is found to be the following
U = 0.10291 · g (4)
The above relation is found by investigating the relation
between the energy calculated from the discrete Hamilto-
nian Eq. (2), labeled Ed, and the one from the continuous
3Hamiltonian Eq. (1), labeled Ec, which is given by
Ec
h¯ω
−N
1
2
=
Ed
h¯ωd
−N
Ed1p
h¯ωd
. (5)
Here Ed1p is the energy one obtains when using the dis-
crete model to solve the one particle system in a harmonic
trap and h¯ωd is the energy difference between the ground
and 1st excited states. h¯ωd is important to calculate in
order to know the units of the discrete model. Ec is the
energy obtained by the continuous model and N is the
total number of particles. The second term on both sides
subtracts the non-interacting ground state energy in the
same units as the first term.
With this mapping one can compare the DMRG results
with the exact solution in the strongly interacting regime.
Since the exact solution is only valid in the 1/g → 0
limit, one can use other methods, such as variational [73]
or exact diagonalization [45, 60] to compare the results
for intermediate values of g. However, in this work we
only focus on the DMRG results for the strong interact-
ing regime in a mixture of bosons and fermions and how
these results compare to the ones obtained by the exact
methods. In addition, we are also interested in how the
particles mix with the opposite species.
III. MIXED SPECIES SYSTEMS
In the following we study mixtures of identical bosons
(denoted by b) and identical fermions (for concreteness
we take them to have spin up) [61, 62]. We first consider
the case study of a four-body mixture of equal numbers of
bosons and fermions. Then we proceed to study systems
with five and six particles in order to generalize our find-
ings and investigate what we may inferred about larger
systems from our few-body approach.
A. Two bosons and two fermions
First we take N↑ = Nb = 2. All particles are assumed
to interact with a zero-range potential of strength g. Due
to the Pauli principle the fermionic particles are antisym-
metric under inter-particle exchange and are therefore
not affected by this zero-range interaction. The degen-
erate manifold of states for strong interaction will have
M = 4!/(2!2!) = 6 states. The mixture system is of par-
ticular interest since there have been speculations that
the system will fermionize in a trivial way so that all par-
ticles will behave as essentially identical fermions [71]. In
Ref. [71] this conclusion was supported by both analytical
and DMRG calculations. However, one may use the tech-
niques of Ref. [74] and detailed calculations of Ref. [77]
for the two-species system to show that the ground state
does not fermionize in this manner.
In figure 1 we show the six states for the two bosons and
two fermions mixture in the strongly interacting regime.
In the center of the figure we display the slopes of the
energy close to 1/g → 0, while along the edge of the
figure we show the density of profiles of the six states
enumerated in accordance with the slopes. The fermion
density is shown as a solid (black) line while the bosons
are show by a dashed (red) line. The first observation
to make is that the ground state (denoted state 0) has
a very specific manner in which it fermionizes; the two
bosons are seen to be pushed to the center of the trap
while the two fermions are left to occupy the edges. This
may be intuitively understood from a tendency for the
fermions to want to avoid each other, but we caution
that since all the particles have strong two-body repulsive
interactions, it is a subtle issue. The bosons could also
be said to want to avoid each other as much as possible.
In the competition of these effects, we see that the Pauli
principle for the fermions seem to imply a preference for
bosons in the middle and fermions out to the sides.
A particularly peculiar second observation, is that
there is an excited state (denoted state 3), where the
trend of the ground state is exactly reversed, i.e. bosons
go the sides while fermions go to the middle. Keep in
mind that in the strict limit where 1/g = 0, all states are
energetically degenerate, again pointing out the very sub-
tle dynamics that determines the spatial configurations.
A similar story is seen to happen when comparing states
2 and 5 in figure 1, exact opposite trends of spatial distri-
butions of bosons and fermions are witnessed. The final
two states denoted 1 and 4 are seen to have completely
’democratic’ fermionization, i.e. the density profiles look
exactly like a system of four identical fermions. Note that
even though these two states look identical, their four-
body wave functions are distinct and they are orthogonal
states due to different signs of different configurations in
the wave functions. In a density plot this is not visible
as it depends on the absolute value squared of the wave
functions. In comparison to the ground state discussed
in Ref. [71] which has a density profile like states 1 and 4
in our figure 1 and which was supported by DMRG evi-
dence in [71], we speculate that this state may have been
an excited state that the DMRG could not resolve due
to the (quasi)-degenerate nature of the spectrum for very
strong interactions which can make DMRG calculations
unreliable [77].
The example in figure 1 highlights how the spatial
structure of the system is very different for different
states in the strongly interacting regime. It indicates that
if one can find a way to selectively populate the excited
states of the system, one would have access to prepara-
tion of few-body systems with distinct quantum spatial
structure, and in turn to tailoring of quantum magnetism
of mixed systems in small systems.
In order to compare the analytical results of figure 1,
we perform DMRG calculations and show the density
profiles in figure 2. Indeed, one can get to the strongly
interacting regime and reproduce the analytical profiles,
but this must be done with care. Figure 2 shows the
evolution of the density profiles as we go from the non-
40
0.1
0.2
0.3
0.4
0.5
0.6
0.7
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 0
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 2
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 3
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 4
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
-4 -3 -2 -1 0 1 2 3 4
n
(x
)a
H
O
x/aHO
state: 5
−1/g
E/h¯ω
0
1
2
3
4
5
fermions (N↑ =2)
bosons (Nb =2)
FIG. 1. Energy slopes for the 6 degenerated states at 1/g = 0 and density profiles for the six states for a mixture of 2 fermions
and 2 bosons. Results obtained with the wave function Eq. 3 following the procedure from [74].
interacting, g = U = 0, to the strongly interaction regime
where g ∼ 100 and in turn U ∼ 10. All the points in the
figure have been calculated with DMRG while the solid
lines in figure 2(d) are from the analytical calculations of
the density profiles as discussed above. We do see a bit of
deviation from the analytical profiles but not alarmingly
so. This does show clearly the need for analytical insights
in this regime.
In order to further analyze the four-body mixture, we
focus on the spatial configurations in more detail. The
six states that become degenerate at 1/g = 0 are super-
positions of the M = 6 independent ways to order the
two bosons and two fermions on a line. The amplitude
of a given configuration of the four bodies is highly non-
trivial and the weights must be determined by solving for
the coefficients ak in Eq. (3). This can be done in the
manner outlined in [74].
To illustrate the spatial configurations it is advanta-
geous to consider the pair correlation function between
the bosons and the fermions which contains information
on their relative positions in the harmonic trapping po-
tential. The pair correlation is given by
P (x, y) =
∫
dx1...dxN δ(x−x1) δ(y−xN ) |ψ(x1, ..., xN )|
2
.
(6)
In the present case we haveN = 4 and since there are two
different kinds of particles, the particles that correspond
to coordinates x1 and x4 will be a boson and a fermion,
respectively, as can be verified by considering the analyti-
cal form of the wave function in Eq. (3). We can therefore
also refer to this pair correlation as the boson-fermion
correlation function. Some examples of spatial configu-
rations are shown in figure 3(a), (b) and (c). The panels
show spatial configurations ↑↑ bb (associated to the am-
plitude a1 in Eq. (3)) in panel (a), ↑ b ↑ b (coefficient a2)
in panel (b) and ↑ bb ↑ (coefficient a3) in panel (c). In
panel (a) we see the pair correlation focused in the upper
left-hand corner where boson-boson and fermion-fermion
distances are small, while the boson-fermion distance has
two maximum that are rather close still, and similarly for
panels (b) and (c). Notice that the configurations b ↑↑ b
(coefficient a4), b ↑ b ↑ (coefficient a5) and bb ↑↑ (a6) are
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FIG. 2. DMRG results for the evolution of the ground state density profile as function of the interaction parameter g (U =
0.10291g). Lines on the last panel are the exact solution in the strongly interacting limit Eq. (3). The parameters of the DMRG
calculations for the Hamiltonian in Eq. (2) are Vh/t = 7 · 10
−6, t = 1, L = 128, and Ubf = Ubb = U .
not shown but may be very easily obtained by switching
bosons and fermions which corresponds to a reflection in
the xb = xf plane in panel (a), (b) and (c) in figure 3.
Let us first consider the analytical wave functions in
the strongly interacting limit. The amplitudes of the
different spatial configurations as given in Eq. (3) are
(a1, a2, a3, a4, a5, a6) =
(0.222, 0.448, 0.669, 0.226, 0.448, 0.222),
for the ground state and
(a1, a2, a3, a4, a5, a6) = (0.5,−0.5, 0.0, 0.0, 0.5,−0.5),
for the first excited state. The combination of the six
spatial configurations properly weighted by their coeffi-
cients ak gives the pair correlation function shown in Fig-
ure 3(d) for the ground state and in Figure 3(g) for the
first excited state (the respective densities can be seen in
Figure 1). For the ground state, we see that the dominant
configuration corresponds to amplitude a3, i.e to the two
bosons sitting in the center and the fermions on the edge
of the trap as seen in the densities of figure 1. However,
there are considerable contributions from all the other
configurations as well. In the pair correlation function
this is reflected since panel (d) for the ground state has
its dominant non-zero contributions in the same places
as that seen for the configuration corresponding to coef-
ficient a3 as seen in panel (c). The difference comes from
a large admixture of the configuration in panel (b) and
a smaller contribution from that in panel (a). The first
excited state is much more ’clean’ in the sense that it
only has configurations corresponding to coefficients a1
and a2, and with opposite signs. Panel (g) in figure 3
therefore corresponds to a superposition of the results
shown in panel (a) and (b).
We note that these results also show that there is no
simple relation among the coefficients of the configura-
tions in general. For instance, if we consider a system
of three equal mass particles where two are identical
fermions, an allowed state for 1/g = 0 is
ψ(2+1)(x1, x2, x3) =
(x1 − x2) · |x2 − x3| · |x1 − x3| · exp(−x
2
1 − x
2
2 − x
2
3),
where x1 and x2 are the coordinates of N↑ and x3 the
coordinate of N↓. This wave function is inspired by a
Tonks-Girardeau state which can be written as a Van-
dermonde determinant [61]. But this is not a ground
state and does not yield a state that is adiabatically con-
6FIG. 3. Pair correlation functions of a N↑ = Nb = 2 system. Panels (a) to (c) show the analytical results respectively for the
spatial configurations ↑↑ bb, ↑ b ↑ b and ↑ bb ↑. Panels (d) and (g) give analytical results for ground and first excited states.
DMRG results for the ground state are presented in panels (e) and (f) for the first excited state in panels (h) and (i). The
parameters used for the DMRG calculations are as given in the caption of figure 2.
nected to other states in the spectrum for large but finite
interaction strength [74]. The relation of the exact solu-
tions and the wave functions obtained from these Van-
dermonde inspired wave functions has been discussed in
detail in Ref. [63]. Note that if we are discussing two
identical bosons and a third particle, then making the
substitution (x1 − x2) → |x1 − x2| in the wave func-
tion above will in fact give us a valid ground state as
long as all two-body interactions are equal and large as
it becomes the Girardeau wave function [31] which is the
ground state also for two-component bosons with equal
interactions between all pairs [42].
In closing this section, we compare the pair correlation
functions obtained from the analytical methods to the
DMRG results. For the ground state, these are shown in
panel (e) and (f) in figure 3. Here we see that there is
quite a good resemblance of the DMRG pair correlation
results for U = 10 and that for the analytical results in
panel (d). This can be immediately contrasted with the
results from DMRG for U = 100 as shown in panel (f)
which clearly looks nothing like the ground state. Curi-
ously, it looks instead more or less perfectly like the re-
sults shown in panel (b) in figure 3. This would lead us to
conclude that the DMRG predicts that the wave function
is that of the single spatial configuration with structure
↑ b ↑ b which is of course not the case. Changing slightly
the parameters and initialization of the DMRG routine
may prompts the system to get stuck in some other spa-
tial configuration as all of these become degenerate for
extremely large interactions such as U = 100 correspond-
ing to g ∼ 1000. For the first excited state the DMRG
results are shown in panel (h) of figure 3 and this looks
very similar to the analytical results in panel (g). How-
ever, notice here that we have a quite small U = 1 and
thus g ∼ 10. For larger U we again get stuck in the wrong
kind of state as shown in panel (i), this time in something
that looks very similar to the ground state wave function
as given in panel (d). We find that for higher excited
states one should generally expect that the strongly in-
teracting limit sets in at smaller values of U as compared
to the ground state, see also [77].
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FIG. 4. Energy slopes for the 10 degenerated states at 1/g = 0 and density profiles for the six lowest lying states for a mixture
of 2 fermions and 3 bosons. Results obtained with the wave function Eq. 3 following the procedure from [74].
B. Larger systems
Next, we analyze mixtures with a higher number of
particles in order to look for some trends in larger sys-
tems. We first analyze mixtures with N↑ = 2 andNb = 3,
which have M = 5!/(2!3!) = 10 degenerated states at
1/g = 0. This is an odd-even mixture similar to the case
highlighted in Ref. [78], although here for a smaller total
number of particles. The results for the energies to lin-
ear order in 1/g near 1/g = 0 are shown in figure 4 as
obtained from Eq. (3). Along the edge of the figure we
show the density profiles of a subset of the states.
The density profiles for the first six states in figure 4
now become more elaborated and some states have the
bosons and fermions tending to intercalate (sit in between
each other). This is very different from the case with
N↑ = Nb = 2 above, where there are two kinds of con-
figurations, either species in the center and the other on
the side, or the ’democratic’ fermionization correspond-
ing to a density akin to four identical fermions. This
latter kind of order is not seen in any of the ten states
for the five-body case. A state that is somewhat like
the democratic choice is that denoted state 4 in figure 4
which corresponds roughly to a boson occupying the cen-
ter alone, and then on the wings we have equal amounts
of bosons and fermions. Note also that we do not find
state where the fermions dominate the occupancy in the
center region. The ground state and state 2 are seen to
have separated densities (akin to ferromagnetism), while
states 1 and 3 have alternating boson-fermion structure.
In particular, state 3 seems to carry a strongly antiferro-
magnetic tendency. The ground state profile seen here is
consistent with that found in the odd-even N = 17 case
studied in Ref. [78].
The next case we consider is one in which we still have
five particles but this time with N↑ = 3 and Nb = 2.
Again, there are M = 10 states that become degenerate
in energy at 1/g = 0. The results for this system are
shown in figure 5. The linear slopes of the energy around
1/g = 0 are only slightly different from the other five-
body case above. However, the ground state profile is
now very different as it shows clear intercalation between
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FIG. 5. Energy slopes for the 10 degenerated states at 1/g = 0 and density profiles for the six lowest lying states for a mixture
of 3 fermions and 2 bosons. Results obtained with the wave function Eq. 3 following the procedure from [74].
the bosons and fermions, while with a majority of bosons
above we saw the bosons push the fermions out of the
center of the harmonic trap. Interestingly, we see that the
states denoted 2 and 4 in figure 5 are very similar in their
structure if one interchanges the bosons with fermions.
However, the other profiles are completely different. As
before, systems composed of N↑ = 3 and Nb = 2 do not
possess any democratically fermionized state resembling
that of five identical fermions in their density profiles.
The discussion of the balanced four-body system in
the previous section and the two ways to imbalance the
system in the five-body case lead is to conclude that
even in the case of these relatively modest size systems
one may have very pronounced odd-even effects in Bose-
Fermi mixtures.
The last system we consider is a balanced setup of
fermions and bosons with N↑ = Nb = 3. In this case we
have M = 20 degenerate states at 1/g = 0. The slope of
the energy around 1/g = 0 for all these states are shown
in figure 6 along with the density profiles for the six low-
est lying states. In the ground state, bosons are again
pushed to the center of the trap and two fermions are
clearly sitting at the edge of the trap. However, a third
fermion seems to be sticking around between the bosons
close to the origin. This time we do see the presence of
a democratically fermionized state which is the sixth ex-
cited state for which the density is also plotted in figure 6.
We also see some rather peculiar mixed density profiles
in the manifold of excited states. Consider for instance
the state denoted by 2 in figure 6 which seems to have all
the bosons centered around the middle, but at the same
time similar peaks in the fermionic density. This could
indicate that a single fermion is sitting at the edge while
the other two fermions are ’democratically’ mixing with
the bosons in the center. In comparison to the four- and
five-body cases we do see some similar trends, and again
we see strong odd-even effects when going from five to
six particles.
IV. CONCLUSION
We studied Bose-Fermi mixtures of four, five and six
particles in both balanced and imbalanced systems. The
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FIG. 6. Energy slopes for the 20 degenerated states at 1/g = 0 and density profiles for the six lowest lying states for a mixture
of 3 fermions and 3 bosons. Results obtained with the wave function Eq. 3 following the procedure from [74].
ground state of four and six particles systems with equal
number of bosons and fermions turns out to try to sepa-
rate the two kinds, bosons in the middle of the trap and
fermions out on the wings. For imbalanced systems with
five particles, we find that the particles would rather like
to blend together, i.e. they seem to be miscible in imbal-
anced systems. This suggests that phase separation of
Bose-Fermi mixtures is an extremely delicate question in
the few-body case [66]. In fact, even the density profile
of the ground state depends sensitively on whether it is
the bosons or fermions that are present in an odd num-
ber. Previous studies in large homogenous systems [79–
81] also suggest that the question of whether the bosons
and fermions mix or not is very delicate and depends on
the theoretical approach. The study in Ref. [81] does
find good agreement with our results in the few-body
limit by using a local density approximation for the har-
monic trap. A study using density-functional theory in
a harmonic trap [82] seem to agree with our few-body
finding of separation for balanced systems, but also finds
evidence for separation (fermions pushed to the side of
the trap) in imbalanced systems where we find a larger
tendency for mixing. In particular, for the case with more
fermions than bosons, we find that a fermion can pene-
trate the bosonic density, which seems not to be the case
in Ref. [82]. This may become less pronounced for larger
particle numbers and the situation would be very inter-
esting to study in the future to see where the few-body
character spreads out as function of system size. Another
very noteworthy feature of our study is that among the
excited states for balanced systems with equal numbers of
bosons and fermions ’democratically’ fermionized states
appear. These states have densities identical to a system
of identical fermions with the same total number of par-
ticles, but this is the case for both the fermionic and the
bosonic density profile. This is, however, not the case for
the five particle imbalanced systems that we have stud-
ied, and again indicates a pronounced odd-even effect in
these systems.
Our focus here has been on repulsive interactions and
we have not touched on the case with attractive inter-
actions where one has additional (deeply) bound states
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in the spectrum. For the DMRG method this may be
rather difficult to describe but should in principle be
possible. For the analytical results at very large inter-
action strength there is an interesting mapping from the
repulsive to the attractive side as recently pointed out by
[78] in the context of effective spin chain models for the
strongly interacting regime. The statement is that upon
changing the sign of the interaction while simultaneously
changing bosons for fermions will only change the spin
chain Hamiltonian by an overall sign. This implies that
the corresponding spectrum is inverted. The presence of
this mapping in our results can be seen in several places.
In the balanced 2+2 system in figure 1 this is seen by
comparing states 0 and 5, 1 and 4, as well as 2 and 3, all
of which have identical densities if bosons and fermions
are interchanged. The same is true for the 3+3 case al-
though we have not displayed the full spectrum here. For
the imbalanced cases with five bodies, one should com-
pare states 4 and 5 in figures 4 and 5 which are seen
to be the same under exchange of fermions and bosons.
In this way, we can already infer information about the
strongly attractive regime from our data, although not
for the deeper bound states that also arise with strong
attraction.
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